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A l l  of t h e  va r ious  subroutines discusscd i n  proviolis pro,gress rep0~L-t~ 

are being h t o g m t e d  i n t o  one complete progrcrr. 

is  p r e s e n t l y  being checked out.  

This complete program 

A considerable  anount of e f f o r t  was involved 

i n  i n t e g r a t i n g  the boirndary l aye r  s o l u t i o n  with t h e  c h a r a c t c r i s t i c  solution. 

Some of the  detai ls  of  t h i s  i n t e g r a t i o n  are civen in t h e  fol lowing s e c t i o n .  

IWTEGRATIOM OF Ti W3UIJDA?Z LAYSR AND C?&l?-4kl?I5TIC SOLUTIORS 

The boundary layer is computed i n  t h e  stagnation region as discussod 

Ln the f i f t h  progress  r e p o r t .  Then from this s o l u t i o n  t h e  boundary layer 

o h a m c t e r f s t i c s  are known a t  the i n p u t  line. 

boundary layer s o l u t i o n  is in tegra ted  n i t h  thc c h a r a c t e r i s t i c  s o l u t i o n  by 

From t h i s  i n p u t  l i n e  t h o  

- - - - - - - - - - - -  the following procedure. 

OTS PRICE 

XEROX $ 

HlCROFlLM $ 
I 

I 



1. Conputo c h a r a c t e r i s t i c  rays f r o m t h e  inpu t  l i n e  t o  the shock 
* and s t o p  when t h o  boundary layer displacement thickness 8' is 

reached. This is called t h o  n t h  ray. See f ig .  below. 

2. 

3. 

4. 

Campute the body point C using t h e  c h a r a c t e r i s t i c s  body po in t  

routine. 

Curve fit t h e  i n v i s c i d  region bounded by t h e  input line, bow 

shock and nth ray, plus t h e  po in t  C. 

Now t h e  a c t u a l  body is displacod by t h e  boundary layer disp lace-  

ment thickness&*. S t a r t i n g  a t  t i?c input  l i n e & *  - gB*. Then 

it is assumed that sc" 8*B.at s t a t i o n  C. See f i g .  below. 
D /  
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5. Locate thc point D by assuming 6 C = G*. 
6. The i n v i s c i d  flow pi-oportics Ye "'d/3e a t  poin t  D are obtained 

from the  cuive fit, step 3. The renahing  flow propeAios requi red  

f o r  t h e  boundary laycr  so lu t ion  ore obtained from R g w .  The 

v e l o c i t y  g rad icn t  i s  coqmted f o r  t h e  boundary layer. 

* ue 'D - 'A 
- P  

X is 'measured along tho  surface. 

Compute t h e  boundary lqmr s o l u t i o n  a t  s t a t i o n  C using t h e  flow 

p r o p e r t i c s  f r o m  s t e p  6. Then ti-io boundarj layer t h i ckness  6 and 

d i s p l a c m c n t  thickness $* a t  s t a t i o n  C are known. 

D is knovm. 

The i n v i s c i d  flow p m p e r t i o s  Pe and p are zgain  determinod at  point 

D of s t e p  7 using t h e  curve f i t ,  step 3. 

7. 

A new point  

8.  

. 

9. S t e p  7 and 6 are  rtipoatcd *&iifl the 2l.I-i. LI disp'zcn,r.nnt thic!cI?es,a 

S" c 

e 

- 0.01. 
I 

10. Now comFute the now body poin t  C 

ncnt  th ickness  from s tep  7. 

using tile boundaq  la for  d isp lace-  
t 

This  body poin t  C is determinod from 

the i n t e r s e c t i o n  o f  t he  ray CE Land a straight l i n e  c o m e c t i n g  the 

displacenont  t h i ckness  b - 6°C - *  

11. Tic body flow d i r e c t i o n  f o r  t h e  c h a r s . c t e r i s t i c  s o l u t i o n  is alony: 

1 
12, Computo the first family ray between the now body poin t  C and t h e  

shock wavo, see f i g .  on fo l lowing  page. 
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13. 

14. Rcpcat s t e p  - 14 f o r  t h e  nev body poS:~t. Cozti.n.ue down- 

Compute t h e  new body point, G s t a r t i x ;  a t  F i n  t h o  above f i g w e .  

st,-eam u n t i l  thc shock corner  o r  s!:ock r e f l e c t i o n  is reached. 

fit should  i x l u d e  inv i sc id  p;*fipi%i.Cs upsircam of  t h e  first 

fanilj. r2:; passing t:irzuch t h c  pi-evious C pain" p lus  tile newly 
I 

computed i n v i s c i d  body pc in t .  Such as G i n  abovc f i g x e .  

This s e c t i o n  desc r ibes  the IE4 conputer  p r o p a n  of t k c  c l a s s i c a l  

turbulent bgcndzrJ laye:- r?ct>od. Yn i s  nothod t rc  ?.is a tu?-bulcnt compres- 

s i b l e  boundclq- layer t J i  t h  pressure gradlent ,  heat transfer, and d i s soc ia -  

t ion iind enribles heat tra-mfer, s k i n  fric5ior,,  boundan- layer ti:icl:r,ess, 

displaceacnt t h l c h o s s  ar.d ncmcr?tun t!:f c h e s s  t o  bo conpuicd f o r  e i t h e r  

3iornodTynLmic equilibrium o r  f rozen f l n w  given the p-opcr  i n i t i a l  and 

~ G W ~ C ~ Y ~ -  c o c d i t i m s  . 
1 - t- 



As mentioned i n  t h e  f i f t h  progress r e p o r t ,  it is convenient t o  treat 

a tu rbu len t  boundary layer by the i n t o p a l  method. 

elimination of: tho t u rbu len t  shear otrcsses i n  this method. 

Tkis is d w  t o  the 

The fo l lowing  

assumptions a m  m d c  t o  rake t h e  probLcm amenable Lo a? analytical solutiofi .  

1. All gas spec ies  considered behave as perfec t  gas spec ie s  and 

thc  gas i s  assumed t o  be a binary mixture o f  atoms and  moloccles. 

2. 

3. 

h d i a t i o n  cf,'ccis between i i  c' Ludy a i d  gas are? negligible. 

The flow i s  two-dinensional o r  axially symmetric. 

4. 
5. 

The flow is  i n  a steady stete. 

Przndtl's boundary layor equat ions arc applicable. 

6 .  The flow is assumcd t o  be e i t h e r  in themodynmic equilibrium 

or  f rozen  s t a t e .  

7. ThermodFffusion is noeligible 

Tho momentum and cnergy boundary layer equat ions f o r  a reo1 gas, 

regl t r ic ted t o  t h e  above assumptions, reduce t o  t h o  sane f o r m  as t h e  boundary 

l q e r  equat ions f o r  an ideal cas f o r  P r m d t l  and Lewis numbers equal t o  unity, 

fioforcnce 1, Pap? 132. T:ic i n t q y a l  moc;c:i'vurn and onoq3- equat ions are tkcn 

w r i t t e n  f o r  Pmndtl  and  Lewis numbom equal t o  unity, 3eCcrence 2 ,  Integral 

k m e n t u m  Equation: 

L 
8 . : ' " '  . % 

In tegra l  Energy Equation 

with the integral parameters 

. 
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I .  

1 

Y and 
B 

%G usual bo.da-;15; layer cooidjxate  sptai of  x along t h e  Sody a i d  y 

no-mal t o  t h e  body is er?,ployed. 

t i o n s  does n o t  r e q u i r e  e x p l i c i t  knowledge of t u rbu len t  shear stresses. 

effect of t h e s e  stresses are included i n  t h e  s k i n  f r i c t i o n  and h e a t  transfer 

It is t o  be noted t h a t  t h i s  systan of equa- 

The 

c o r r o l a t i o n s  that  ere roqiiired. 

equat ions (1) - ( 5 )  a t  each s t a t i o n  x a long  t h e  body given the proper enpiri- 

cal s k i n  f r i c t i o n  and h a t  transfer cor re l a t ions ,  boundary condi t ions,  

i n i t i a l  condi t ions.  

ECUILIBRIUM FLU77 - Profiles f o r  Integral Paxmcte,rs 

The procedure i s  t o  s o l v e  t h i s  system a f  

F i r s t  consider  tho flow i n  the bounda1-y layer t o  be i n  thcm-odynadc 

e q u i l i b r i u .  Then t h c  f low propert ies  are detorr?,incd in t h c  b o u n d 2 7  layer 

f r o m  thc N o l l i e r  d i z g r m ,  suppl ied by Amos, Cfven t w s  o t h e r  f low p rope r t i e s .  

T'ncso two flow p-mperties cou ld  be pressure end 'dens i ty  o r  pressure and 

enthalpy.  

density, and t o t a l  enthalpy rnust be rclated t o  cooi-dimte y/& . 
As seen from t h e  i n t e c r a l  p a m e t e r s  0, and 3 ,  t k e  velocity, 

The power 

law 

NOW 

the 

p r o f i l e  is assumed. 

if enthalpy my be connected t o  ve loc i ty ,  t h e  d e n s i t y  may be found from 

Liollier diacran since t h e  s ta t ic  pressure is  knotin. The s t a t i c  p res su re  

through t h e  boundary layer i s  d e t e n i n o d  from the c h a r a c t o r i s t i c  so lu t ion .  

The j u s t i f i c a t i o n  f o r  ob ta in ing  s ta tFc  pres su re  tkrough the boundaiy layer 

a- 



from a n  i n v i s c i d  s o l u t i o n  w i l l  bo given i n  zl f u t u r e  progrcss r epor t .  

A modified Crocco equat ion i s  found by assuming enthalpy H is  a 

q u a d r a t i c  f u n c t i o n  of velocity, see Referonce 2, or 

(7 )  €I - a + bu + cu2 . w i t h  t h c  boundam cond i t ions  

HOW for the c o e f f i c i e n t s  in equation (7)  become 

(8) a - Ii 
W 
He - Hw - cu e 

U 
b =  

c 

2 cu 2 2 + H - cu u 
U 
- ' - %  = e e "t ( 9 )  - 

e He* e e H 

Substituting equation (9) in the energy equat ion and comparing 

r e s u l t s  with t h e  monenturr, equation r o s u l t s  i n  
2 

tho 

The s t a t i c  enthalpy nay be written 
2 * 2 

U 

+ ( c  - 1/2) + (k) h 

e e + U (11) = he e e 

Thuo, f r o m  equations ( 6 )  and (ll), t he  <low prope r t i e s ,  such as 

d o n s i t y p ,  tempornture T, and aton ic  nass concentrat ion&, ere found from 

the  Mol l ic r  diagram. 

evaluated given the power law exponent M.  

k ~ d  t h e  i n t e g r m d s  i n  equat ions (3)  - ( 5 )  nay be 

-7- 



S l r h  F r i c t i o n  Cor re l a t ions  

Since t u y b u l m t  tht30y-  ha3 n o t  bpen develapcd i n  a t u r b u l e n t  bonndary  

layer ts  the  c:Aeent of relctiq- silcay stress (l:;-ectly t o  temporal mean 

vc loc i ty  profiles without  c rp i r ic f  sm, cr:piric,o,l c n r r c l a t  l ons  arc nccessar;  

f o r  s k i n  f r i c t i o n  predicat ions i n  tu rbulen t  bounclalg- laJ-em. 

f r i c t i o n  !wthod of iicfercncc 3, ge:icr:l.lized f o r  r e a l  gas >y rep lac ing  tempcra- 

I 
T!lc T sk in  

I 
t a re  5y c ~ > t l a ~ l ~ ; r ,  is ~ u t l i n ~ d  I;C?Si;. Til2 ~ ~ ? ~ i - ~ ~ ~ ~  ~ 2 t h a l ~ J -  h 15 f o i i ~ i j  

1 
The reference tomperzturc  T is found f ror ,  the I b l l i e r  d iag ram ;:irrcn 

t I 
h + P,‘ The viscosity,l.l is determined f ron Pkifei-cnce I:, Table ;? 

given T and pressure P . Also;; i s  cletemincd f r o n  t h e  ? l o l l i e r  diagrcx-. 

Tie refereme skin friction C 

tion, iEcfexnce 5. 

1 I 

e 
I 

is computed f r o n  t h e  Sivells-Ripe cor re la -  f 

I 

t -088 (loglOR - 2.3686) (13) C- = 

the compressible s k i n  f r i c t i m  C beconcs f 

1 
All p r i m  qusmtirt ies,are based  on t h c  reference t e m p c x t w e  T . 
skin f r i c t i o n  C bccoxcs 

?he average 
1 



. -  
. A  

. -  

It is noted that this s k i n  f r i c t i o n  method d o e s  not dopond on pressure 

gradient .  

below. It is t c m e d  a modif ied  h method. "he c o r r e l a t i o n  equat ion is 

Anothcr sk in  f r i c t i o n  nethod, developed a t  Lockheod, is given 
t 

w r i t  ton : 

R = Re (8/X) e where 

Equation (16) my bo solved f o r  C by i t e r a t i o n  mine t h e  Newton-Raphson f 
method. T h i s  method deponds on tho v e l o c i t y  power law cxponm.t which, in 

turn,  in connected t o  pressure gradient through the i n t e g r a l  equat ions (1) 

an.d (2). 

It rornahs t o  determine the heat transfer i n  equat ion (2) .  It m y  be 

shown that the hotat transfor term i c j  d i r ec t ly  r e l a t e d  t o  the s k i n  f r i c t i o n  

sirzilar t.o Fqmmlds snalom b u t  r e t a i x i n g  thc pres su re  gredient terns. . 
miis i-cs-itts in 

Since the i n i t i a l  t u r b u l c n t  boundary layer p r o f i l e  jus% downstream from 

t r a n a i t i o n ,  depends on va r ious  condi t ions ,  such cs t h e  method of employing 

t r a n s i t i o n ,  it has beon decided t o  i npu t  a v e l o c i t y  pm-ofilo exponent. 

from t h i s  pow o r  low cxpownt  an oq:iivolent roforence Reynolds nmber i s  

determined from t h e  c o r r e l a t i o n  q u a t i o r ,  of S ive l l s  and  Payne, PXercnce 5. 

Then 

L J 
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I .  

1 )J‘ 

Pe 
Then Re = R - . An e f f e c t i v e  i n i t i a l .  d i s t a n c e  may be found. 

? 

s t a  

T”D..e i n i t i a l  boundary layer 5kickness 5 
c p res su re  p ( x ) ,  local d e m l t y  

is a l s o  input .  Tiie local 

bod:; r x ? i u s r ( x ) ,  and wall 
_L 

e 
tempernturn T (x) d i s t r i b u t i o n s  along the body are input .  

loca l  enthalpy He and body l cng th  L are input .  

given pressure P end d e n s i t y  / 
concontrat ion oc‘ are found. e 

Also t o t a l  
W 

From t h e  N o l l i c r  diagram 

t h e  cztl ialpy h , t onpc ra tu re  T and 
e e’ e e’ 

The s y s t m  of equat ions (1) - ( 5 )  m a y  noti be solved z t  each s t a t i o n  

x a long  t k c  body Given t h e  sl.:in f r i c t i o n  equat ion (a) o r  (16), tho h e a t  

transfer equat ion (17), and t h e  proper bounda-y c m d i t i g ? s  c . d  i n i t i a l  

conditioys.  Before the d e t a i l s  o f  s o l v i n g  t h i s  system of equat lons are 

discussed, consider  a boundary layer i . i l t f ?  weak o r  ze ro  pressure g:.zidicnta. 

If cue /He << 1, then f r o m  equation (9) 2 *  

and from equat ions (3 )  and (4) 

€3 i i ‘  
This rmans, i n  essence, t h a t  t!;c moncntum equat ion (1) an2 thc  energy 

equat ion ( 2 )  are s i n i l e r .  

the approach is t o  choose t h e  power law cxponent m from equation (le) given 

€? along ti.e body. Faen t h c  mcmntum equat ion (1) io solved from’Adams method 

f o r  t h e  monmntum tlxickncss 8, a t  va r ious  s t a t i o n s  alsnl: t h e  boc:y. Thus, 

g i v e n  the poxcr l a  exponent ri aid nsi;CntaT thLzlr,css 8 a l l  of  t h e  other  

For t h i s  ,par t icular  casc of weal: p re s su re  Grzdicnts 

I 

boundary layor p a r m e t e n  are knowr,. 

-10- 
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If cue2/lje is not smll, then the fol lowing proccclure is employed. 

i + 1 and 'i+1 at Giver, mi and si a t  s t a t i o n  Xi, t h e  problcn is t o  d e t o m i n e  m 

s t a t i o n  x 

This is nccornplished by choosinc m + band so7,vlnl; t h o  integral equations 

sach t h a t  t i e  system of  e q u a t i o m  (1) - ( 5 )  are satisfied. i + l  

( 3 )  - ( 5 )  f o r  0, @, and H. Then tlic d i f f o r e n t i a l  e q m t i o m  (1) and ( 2 )  

are solved f o r  8 and 8 by Adams nethod us ing  6 ,Q,  and E, f r o m  the integral 

equat ions on t h e  r i g h t  s ide ,  and t h e  8 and pfmm t h e  d i f f e r e n t i a l  equa- 

t i o n a  are compared t i l t h  t h e  0 and pfrom t h e  i n t e g r a l  equations.  

va lues  of r i  and 

above 8's and (c' Is agree w i t h i n  the d e s i r e d  accuracy. 

The 

are perturbed through arr optimizat ion program unt i l  t h e  

The accepted accuracy 

f o r  mtching t b o  0 ' s  and 8 ' s  is taken t o  oqtral 0.1 per  cent  a d  1 per cont 

inespcctivc*. The d e s i r e d  quantities are pr in t ed  o u t  and tho procedure is 

repccted f o r  the next increrr!ent i n  x u n t i l  x - L is reached. 
I 

It is i n t e r e s t i n g  t o  no te  t h a t  using H skin f r i c t i o n  method, a simpler 

procedure my be u t i l i z c d .  Tile skin f r i c t i o l l  C,, equation (u), plessure 
grad ien t  pwmeter, eqwt ion  (lG), a n d  

These my bo found a t  s t a t i o n  x i + 1' 
I 

for t h e  h skin friction method. P.cn 

solved f o r  enthalpy thichess  gi + E; 

chosen, and t h e  integral 

.L 

h e a t  transfer parametor, equat ion (17) 

i + l  va lues  do not  depend on mi + 190r & 

t h c  d i f f e r e n t i a l  equat ion ( 2 )  may be 

von 9.. The power law oxponent m is 
i 

is avaluated fmn Simpson's m i l e .  

is computd from equat ion (4). 
t h e  e r r o r  

Then the  baundary ' l aye r  t h i ckness  si + 

and Equation (1) is  next solved f o r  e1 + 



. . i  

. 

is determined.  A mi-? m is  choscr! frm t3.e Xcwtoc-?apizson method 

D tn = I n -  
* AD/Lm n 

and  t h e  above procedure is repeated until .  t h e  e r ror  E 5 .GO1. Then the 

requi red  parmctcrs are o u t p u t ,  &mi the  above p r o c e d u r e  is r e p e a t e d  f o r  

the  remaining incroments i n  x u n t i l  x a L is reached. 

A s impl i f iod  block diagram f o r  thc t u rbu len t  boundary lcycr r o u t h e s  

The is Eivcn i n  Fipure 1 . 
turbulent  boundan- layer prozrm wit:? f rozen  flow will he presentcd i n  a 

f u t u r e  propess report 

This p m p w  i s  pr-esmtly boinr  checked out.  

-12- 



a 

b 

cf 

CF 
C 

H 

H" 
1% 

h 

L 

H 

m 

. P  

Pr 

a 
n * 

Rc 

T 

Lc 

d- 

x 

Y 

B 

6 " 
.v- 

consLant in eqmtim ( 7 )  

constant. ir! equation ( 7 )  

local skin f r ic t ion 

average s k i n  f r i c t i o n  

see equation (IG) 

t o t a l  enthalpy 

H - H  
W 

stat ic  enthalpy 

reference l e n g t h  

nunber 

pover law exponent, equatLon (6) 

h 0 S S U l W  

Prandtl number 

heat tramfey rate t o  t h c  wall 

~ o d y  rad Lus 

P~-yn,olds n m b c r  based on x 

b)nolds r,umber based on e .  

absolute tenpc rat u r e  

velocity componc2t clong x 

velocity cm2onent aloni; 2 
d i s t a n c e  along surface ~f b d y  

distance normal t o  s u r f a c e  C Y  body 

boundaq- layer zhiclcness 

displacement tilicltncss 
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€3 

iL' 
Y 

P 
@ 

e 

W 

x, Y 

1 

momentum thickness 

viscosity coefficient 

kinematic viscosity, 1 
donsi ty 

Subscripts 

&ernal o r  edge o f  boundary layer 

wall condit ion3 

derivative w i t h  respect to x, y. 

$upam cripte 
I 

conditions evaluated a t  reference teriperature T 
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